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NUMERICAL EVALUATION BY HARMONIC ANALYSIS 

OP THE £-FUNCTION OF TH3 TH3CDORSEN 

ARBITRARY-AIRFOIL POTENTIAL THEORY 

By Irven Naiman 

SUMMARY 

A finite trigonometric series is fitted by harmonic 
analysis as an approximation function to the ^-function 
of the Theodorsen arbitrary-airfoil potential theory. 
By harmonic synthesis the corresponding conjugate trigo- 
nometric series is used as an approximation to the 
e-function.  a set of coefficients of particularly simple 
form is obtained algebraically for direct calculation of 
the e-values from the corresponding set of ^-values.  The 
formula for  «  is 

*<*)=)__„. cot g(*_k-„g 
k=l 

where the summation is for odd values of k only and 

i 

1 

INTRODUCTION 

In the determination of the flow about an arbitrary 
airfoil (references 1 and 2) the problem arises of trans- 
forming a curve, nearly circular, into a circle.  This 
transformation, a basic problem in confcrmal mapping, is 
further reduced to the determination of the following 
two conjugate Fourier series: 
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* 5 an + {% coa mqp + bm sin mcp) 

c = (aj, sin m<p - bj„ cos m«n) 

(1) 

(See references 1 and 2 for significance of notation.) 
The following integral relations  are equivalent to series 
relations  (1): 

J"\Zv P2TT 

\|/(cp' )da>» + ~^ 

0 Jü 

P21T 

e(<p*)  cot 
OP» - CP dip» 

>    (2) 

') cot »'  " 9 d(pi 

It is convenient to introduce a new variable 
a = <pi  - tr    in relations  (2).    Because of the cyclical 
nature of these functions,   the limits of  integration may 
be written    -tr to TT.    Vllhen the  integral is broken into 
two parts,     -TT to 0 and 0 to    TT,     and    -s    is  substituted 
for    s    in the first part,  the following relations are 
obtained: 

v(ep) - 5^ I    '4>(«P)d<P + S-        fa* * a) - <(<P - s)]eot | da 
do 

c(<p) = ~ {^(<p - s)  - v(<P + s)] cot | ds 

>    (3) 

Thus, by use of relations  (1),   (2),  or  (3),     c   may 
be determined if    i|r    is known or    \J/   may be determined 
if    e    ia known. 

i 
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In the airfoil problem \J/ is specified as a 
function^- of cp by means of a curve and e is to be 
•ieter-ained. In theory the Fourier coefficients may be 
determined in relations (1) but in practice, because of 
the unknown analytic nature of the curve, it is neces- 
sary to resort to some type of numerical approximation. 

In references 1 and 2 an approximate method of han- 
dling the integrals of relations (2) is presented. In 
reference 3 a refinement of this method ia given for the 
•same integrals. An alternative procedure i3 to approxi- 
mate relations (1) by a finite trigonometric series and 
then to determine the coefficients by harmonic analysis. 
A development of this method is now given. 

HARMONIC ANALYSIS 

The ty-function is to be approximated by a finite 
trigonometric series given by 

ty(cp) = AQ + A^ cos CP + . . . + An_2^ cos (n - l)cp + Ap cos nop 

+ Bx sin cp + . . . + BJJ.! sin (n - 1)9 

ItJu 
= Ap +\     (Am cos mep + E^, sin mop) + ^ cos nq> 

m=l" 

If    ty    is specified at 2n equally spaced intervals  in 

the range    0 ^ op % 
(2n * 1}Tr    - then" 

1Y 5tT 
the range    0 < cp 1 2IT    -  that Is,     0,  -,  —,   .   .   .   , —      ~ n     n 

n 

^•S^*r 
r=0 

^•In practice,    \|;    is given as  a function of 
9 = cp -  e     and  therefore    v    i.3 taken as  a function of  © 
as  a first  approximation.     An iteration process  13 neces- 
sary to determine both    v|>    and    e    correctly as func- 
tions of    cp. 

F..-*i- • 

I! 
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where    *r = • Vn"/ 

2n-l rir 
An " n )__    "* a 

r=0 

.if1 
(-D  *w 

Bn s 0 

Now 

c(<p) »In m«p - B,,, cos m<p) + A„ sin n«p 

m    N 

m\i 
rir 

Bin m<P)    i|/r cos » -r- ~ oos n* pV"*r sin   m£M 

2n 
a in nt? ir *„ 

• i]T I> -in •(• - T) 
+ s3in ^XJ-

1
»

1 

m      r 

When the order of summation is  interchanged, 

F 
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2n=l      n-1 2n-l      n-1 2n-l 

*(c) '•-)>     ^r^>      aln m(* ~ Tr) + ^ sin n<p/("1'r *r 
r=0        m=l r=0 

;T'••.'.•  If    c    Is evaluated at  the same points    (p    at which 
the values of    \|r    are given,   that is,   at  the points 
<p = £-£,     the variable becomes n 

rff _  (r'   - r)it _ _ktr 
n n n 

and the last  tern becomes zero.     After this  substitution 
i3 performed, 

and 

.  2n-l      n-1 
<<<p)=-i]r>k£sin   „Sjr 

The summation with respect to k is also from 0 to 
2n - 1 because of the periodicity.  But when k is odd, 

n-1 

/  sin w— = cot 
£=T~     n m=i 

kw 
2n 

and when    k    is even, 

n-1 

y     sin   ia — =0 
f   - n m=l 

For odd values of k,  therefore 

2a-l 

k=l 

..i-«5g*'-..'JA
lv«.  -Ü- 

tf'v; ^T 
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lCq,) s S^I(*-k - \) cot 

k=l 

kn 
2n 

I 

i 

Finally, then, 

c(«) =y~ck(»,k - *k) (U) 

where 

•k5 <" • ¥) 
and for odd values of k 

„ - 1  * kw Ck = n oot ST 

and for even values of k 

Cv = 0 

Equation (i+) thua gives the same result as la 
obtained by harmonic amJ.y3l3 aid synthesis. Comparison 
with equations (3) indicates that equation (1(.) may also 
be interpreted as the evaluation of this integral by the 
ordinary rectangular summation formula using intervals 
of width 2Tr/n and using the value of the integrand at 

kn 
the midpoint of each Interval, that is, at s = — 
where k is odd. 

PRACTICAL OBSSRViKTIONS 

Equation (1+) uses only one-half the available 
information.     It is evident that all the points may be 
used because  all the given n points may be considered as 
alternate  (odd) points of a system of 2n points.    The 

•v..;v .;;.• 
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value of    c     so computed   is,   of course,  to be plotted at 
tp-points midway betwe3n  the  given  iJ/-pointa.     The n values 
of    v|r    therefore give      values   of      e     corresponding to  an 
ra^rcxisibtion function   consisting   of  a trigonometric 
3sriea of    n -  1    harmonics.      Values of the  coefficient    C^ 
for    n = 10,  20,  I4.O,   aAid   80  are  given in table  I.     For 
smooth curves  the present  method for    n = 20 is raoro 
accurate than the l;0-point method   of reference 3  and 
requires only one-half    as  much computational work. 

Hov: to handle  small   irregularities or bumps  in the 
v!f-curve  i.3 of  interest.      One   procedure  is  to_fair through 
the bump  and to designate   the   faired curve    \|/.     The  devi- 
ation from    iF   is  a     Ai]/-curve.     The  conjugate    T    may bo 
determined  in the usual  manner  and   a conjugate    Ac     may 
ba determined by use   of   a very small interval,   say, 
n = 200.     The  desired    e-valaes  are   given by the  sum of 
e    and    Ac.     This method  cannot be   justified on strict 
mathematical grounds   but   is probably more   than adequate 
for engineering purposes. 

Langley Memorial  Aeronautical  Laboratory 
National  Advisory   Committee   for  Aeronautics 

Langley Field,   Va. 
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TABLE I.- VALUES  OP    0k    FOR USE WITH EQUATION  (1+) 

\ 

i 

i 

k 
Cl f 

n = 10 n  = 20 n = 1+0 n = 60 

1 0.63138 O.6353I O.63629 O.6365L. 
3 .19626 .20827 .21122 .21190 
5 .10000 .12071 .12568 .12691 
7 .O5095 

.01551+ 
.06159 
.05854 
. 01+270 
.03061+ 

.08861+ .09037 
9 .06777 .06999 

11 
'o&h 

.05697 

.OL790 
15 .02071 .037U2 .01+121 
17 .01200 .03171 .03605 
19 .00394 .0270!+ .03194 
21 .02311 .02853 
23 .01971 .02577 
25 .01670 .02339 
27 .Oll+OC .02133 
29 • • .01153 .01953 

.01794 31 .00922 
53 .00705 .01651 
35 .001+97 

.00296 
.01S23 
.01407 37 

39 

P1 .00096 .01300 
.01202 

k3 .01111 
^ .01026 

M .UO9L6 
1+9 .00071 
51 .00800 
53 .00733 
55 .00668 
57 .00606 

61 
.005Ü7 
.OOf+89 

\l .O0I+33 

£5 .00579 
f7 .00326 
69 .0027!+ 
71 .00223 
73 .00173 
75 .00123 

.OOO7I+ 77 
79 

1  

.00025 

NATIONAL  ADVISORY 
COMMITTEE FOR AERONAUTICS 

/ 



i 



TITLE: Numerical Evaluation by Harmonic 
Arbitrary-Airfoil potential Theory 

AUTHOR(S): Nalman, IrveTr- 
ORISINATINS AGENCY: National Advisory 
PUBLISHED BY:   Same 

analysis of the , 

r Committee for Ac 

Function of the Theodorsen 

Aeronautics, W: D. C. 

ATI- 

OtIO    AQIHC-T   NO. 

ARR-L5H18 
i*UMISHINO AOfNCY  NO. 

  Sept '45 
DOC. CLUt. 

Unclass. U.S. Eng. table 
ABSTRACT: .th*. 

Finite trigonometric series is fitted by harmonic analysis as an approximation 
function to the psi function of the Theodorsen arbitrary-airfoil potential theory. 
By harmonic synthesis, the corresponding conjugate trigonometric series is used 
as an approximation to the epsilon function. A set of coefficients of particularly 
simple form Is obtained algebraically for direct calculation of the epsilon values 
from the corresponding set of pel values. Complete derivation of this process Is 
presented. 

DISTRIBUTION:   Request copies of this report only from Originating Agency 
DIVISION: Aerodynamics (2) 
SECTION: Wings and Airfoils (6) 

ATI SHEET NO.: R-1-6-6Ö 

SUBJECT HEADINGS:   Airfoil theory (06200); Mathematics 
(60835) 

Air  Doc weit» DfvMon,  Intelliganca  Department AIR TECHNICAL INDEX WrigM-l»ott«r*on   Air   Fof<«   laM 



UNCLASSIFIED PER AUTHORITY: INDEX 
OF ;»ACA TECHNICAL PUBLICATIONS 
DATED 31 DECEMBER 1947. 



TITLE: Numerical Evaluation by Harmonic Analysis of the     -Function of the Theodorsen 
Arbitrary-Airfoil Potential Theory 

AUTHORS); Nalman, Irven 
ORIGINATING AGENCY: National Advisory Committee for Aeronautics, Washington, D. C. 
PUBLISHED BY:   Same 

ÄT0- 6415 

rUUTJMlWO AOENCY HO. 

Sept '45 I Unclass. U.S. Eng. 
r«      OIIJSTQATIQKI 

table 
ABSTRACT: 

Finite trigonometric series is fitted by harmonic analysis as an approximation 
function to the psi function of the Theodorsen arbitrary-airfoil potential theory. 
By harmonic synthesis, the corresponding conjugate trigonometric series Is used 
as an approximation to the epsilon function. A set of coefficients of particularly 
simple form Is obtained algebraically for direst calculation of the epsilon values 
from the corresponding set of psi values. Complete derivation of this process Is 
presented. 

DISTRIBUTION:  Request copies of this report only from Originating Agency 
DIVISION: Aerodynamics (2) 
SECTION: Wings and Airfoils (B) 

ATI SHEET NO.: R-2-B-60 

SUBJECT HE DINGS: 
(60B35) 

Airfoil theory (08200); Mathematics 

Air Docunronto DlvHon, iRtoülaonco Dopartmont 
Air ttoloriol Command 

AIR TBCHNICOl INDUE V/riohr-Paltorsan Air Porco I 
Dayton, Ohio 


